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The numerical solution of a non-linear wave equation can be obtained by using spectral
methods to resolve the unknown in space and the standard Crank-Nicolson differencing
scheme to advance the solution in time. We have analyzed iterative techniques for solving the
non-linear equations that arise from such implicit time-stepping schemes for the K-dV and the
K-P equations. We derived predictor—corrector method that retain the full accuracy of the
implicit method with minimal stability restrictions on the size of the time step. Some numeri-
cal examples show the propagation of interacting solitons.  © 1991 Academic Press, Inc.

1. INTRODUCTION

A central issue in inertial confinement fusion is the interaction of laser light with
normal modes (ion-acoustic or Langmuir) of the plasma [1]. The time dependent,
non-linear wave equations which describe these interactions do not, in general,
have known analytic solutions that can be expressed in terms of arbitrary initial
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312 WINEBERG ET AL.

conditions. Consequently, it is necessary to develop numercial methods that will
yield approximate solutions.
The general form of the equations is an initial value problem

L(u)+ N(u)=0 (1.1)
u(x, 0) = ug({x), (1.2)

where
u=u(x, 1) (1.3)

is the unknown function of time ¢ and of the vector of spaces variabies x. L is a
linear differential operator involving time and space derivatives and N is a non-
linear differential operator involving only space derivatives.

Our general strategy for numerically approximating the solution u is to use
spectral methods [2, 3] to discretize Eq. (1.1) in space and to employ standard
methods, such as the Crank-Nicolson numerical integration, to advance the solu-
tion in time. In this report, we analyze iterative techniques for solving the non-
linear equations that arise from such implicit time-stepping schemes. For particular
examples of the system of Egs. (1.1), namely the K-dV and K-P equations defined
in the next section, we derive predictor-corrector methods that retain the full
accuracy of the implicit method with minimal stability restrictions on the size of the
time step.

The reasons for our choice of discretization techniques are quite straightforward.
Spectral methods are easy to implement and provide high (infinite-order) accuracy
when periodic boundary conditions are appropriate, as is the case in many studies
of basic wave interactions. For the temporal discretization, wave propagation
problems typically have stringent stability requirements. An A4-stable scheme like
the Crank—Nicolson method (a.k.a. the trapezoidal rule) is an ideal choice among
second-order formulas. The problem with such an approach is the need to solve the
nonlinear systems introduced by the implicit method. A standard way to avoid this
difficulty is to implement an explicit scheme for the non-linear term, while keeping
the implicit scheme for the linear part. The method we have analyzed for this report
has many of the benefits of such an approach. That is, it simplifies the solution of
the implicit equations, yet it does not require the introduction of a second (explicit)
integration technique.

We prove rigorously that the solution to the implicit equations can be obtained
efficiently by a simple prediction—correction technique, although we do not deal
with the much more complicated question of global convergence estimates for the
resulting scheme. Such questions are beyond the scope of the present work. Basic
questions of existence, uniqueness, and regularity are not completely settled for one
of the sets of equations that we have examined (the K-P equations); so a complete
analysis of numerical techniques will be a large task. Similarly, a comparison of the
time-stepping method analyzed here with other time-stepping techniques is beyond



IMPLICIT SPECTRAL METHODS 313

our scope since a rigorous comparison would require a complete understanding of
the convergence properties from a theoretical point of view.

Our objective is to introduce a method of analysis that can be used for a time-
stepping technique that would appear to be natural for non-linear wave propaga-
tion equations. Our goal is to help assess the viability of such a method for a given
wave propagation problem. We are currently examining the extension of such an
analysis to higher-order, A-stable time stepping methods, such as the implicit
Runge-Kutta schemes.

2. WAVE PROPAGATION EQUATIONS

There are several wave propagation equations that can be effectively discretized
via spectral methods. These include the equations of Korteweg—deVries (K-dV)
type (in moving coordinates) [4],

4+ DP(u) +u. =0, 2.1)
and the equations of the Kadomtsev-Petviashvili (K-P) type,
(u,+ D)+ Uee) c T uy, =0, (22)

which are to be described in this paper. Note that, in the latter case, there are two

families of equations, one for each sign [5]. For the classical K-P equation, one has
&(u)=1u>
The Fourier transform F of Egs. (2.1) and (2.2) can be written in the form

v, + f(v) +w(K)v=0, (2.3)

where v := F(u) and the spectral variable is denoted by K= (K|, ..., K;) with d=1
for Eq. (2.1) and d=2 for Eq. (2.2). (Note that the symbol := indicates a definition.)
The function f for both Egs. (2.1) and (2.2) is of the form

fo)(K) :=iK, F(®[F~'(v)]), (24)

where F~! denotes the inverse Fourier transform and i is the imaginary unit.
The dispersion relations are

w(K) = —iK> (2.5)
and
w(K,, K,) = —iK} £ i(K3/K,) (2.6)

for the K-dV and the K-P equations, respectively. Other wave equations, such as
the Klein-Gordon (K-G) equation, can also be cast in this form. However, the
K-G equation involves second-order derivatives in the temporal variable. Hence, it
must be written as a system of two equations to take the form of Eq. (2.3).
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3. SPECTRAL (SPATIAL) DISCRETIZATION TECHNIQUES

Equations of the type (2.3) can be discretized effectively by utilizing the discrete
Fourier transform given by

Fn(u)K:=Zu.l ezﬂi.l-K, (31)

where the summation (and the range of the variable K) extends over the discrete
lattice

Zn = {(Jls . Jd :—%nmg-]ms %nm_ 1’ m= 1’ ooy d} (32)

and
ni=(ng, .., ny) (3.3)

The subscript J in Eq. (3.1) is used to indicate the coefficient
Uy = (X5 o X535 1) (34)

and the subscript K means the left-hand side is evaluated at (K, ..., K,). Of course,
J-K:=J, K+ --- +J,K,, the dot product of J and K.
The discrete inverse transform is given by

Fo'(v)gi=c 'Y v,e 7K (3.5)
where

c=02n +1)(2n,+1)---2n,+ 1) (3.6)

and again the summation is over Z,,.
With the discrete Fourier transform F,, Eq. (2.3) becomes a system of
(n,n, ---n,) ordinary differential equations, namely,

(k) + fulvg) + w(K)vg =0, (3.7)
where
v i=F,(u)g (3.8)
and
falvg) =ik F,(®LF, (vx)]) (39)

in place of Eq. (2.4). Finally, to obtain a numerical solution for the initial value
problems (2.3), we must convert the initial data to periodic form (perhaps by
truncation to zero away from the region of interest) and solve the discrete
equations (3.7) and (3.9).
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4. A CoMPATIBILITY CONDITION FOR THE K-P EQUATION

Before discussing numerical techniques for solving ordinary differential equations
of this type, we have some comments to make on the unusual form of the K-P
equation. The dispersion relation (2.6) was derived by dividing the Fourier trans-
form of Eq.(2.2) by iK,. One may well wonder why this is justified. The only
apparent problem arises when K, #0 but K,=0. For a smooth solution u to
Eq. (2.2), we obviously must have

Fu)(0, K,)=0. (4.1)

That is, F(x) must vanish on the K,-axis in frequency space, with the possible
exception of the origin.

In the linear case (set @ to zero temporarily), the Fourier transform of the
solution to Eq. (2.2) can be written as

2(K)=vy(K) e ™K1 (4.2)

where v, is the Fourier transform of the initial data u,. Note that when viewed as
a function of K,, the multiplier

—w(e ied xRl
e w(e, K2)1 :em r eitk'z(r/s) (43)

converges weakly to zero as ¢ tends to zero (for fixed ¢#>0). Also, the non-linear
function f given by Eq.(2.4) vanishes when K, =0. Thus, arbitrary initial data
evidently evolves instantly into a solution satisfying (4.1) in a weak sense, even if
u, does not satisfy (4.1).

In the latter case, v=F(u) will be highly oscillatory, implying that » decays
slowly in the spatial domain. Loosely speaking, this would indicate that any lack
of satisfaction of the compatibility condition (4.1) at r=0 would be equilibrated
instantly by long range effects in the spatial domain. This places severe limitations
on the spectral discretization approach unless one explicitly truncates in the spatial
domain at each time step, which corresponds to a smoothing in the K-variable.

Any discretization, such as replacing F by F, for finite », results in an implicit
smoothing. To understand in detail what effect this has on the resulting
approximate solution, in the case where Eq. (4.1) is not satisfied for the initial data
u,, requires detailed analysis beyond the scope of the work carried out for this
report. In view of the above, we interpret Eqgs.(2.3) and (2.4) to mean that
v(K,, K5, t)=0 for r>0 and K, =0. This avoids the ambiguity caused by the fact
that w(0, K,) is undefined.

5. TEMPORAL DISCRETIZATION TECHNIQUES

A standard spectral analysis of ordinary differential equations of the form (3.7)
shows that the linearized problem will have eigenvalues on the imaginary axis
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extending to a maximum modulus of O(|n|?*). See Eq. (4.3), for example. For the
K-P equation, a more precise bound may be given, namely a modulus less than
n3+n3. In terms of the spatial discretization parameter Ax := 1/|n|, the location of
the eigenvalues impose a restriction on the time step 4t for explicit methods. Thus,
At must be of O(4x?), an unacceptable size even for, say |n| =128. Note that in
multiple dimensions, the norm of » is taken to be

|n| :=max{n,, .., n,}. (5.1)

Implicit methods allow one to avoid the severe time step restriction, although an
additional level of complexity is untroduced. The Crank—Nicolson scheme

v';“*v';é%[fn(v'z“)+w(1<)v';;“+fn(v’z>+w(1<)v7<‘l=0 (52)

is an implicit method that involves solving a non-linear equation for v™*! at each
time step. With the explicit dependence on K suppressed, the system (5.2) can be
rewritten as

vm+l+% [fn(vm+l)+wvm+1]=g’ (53)
where
At
g:i= v'"—; [f.(0™)+wo™]. (54)

Equation (5.3) can be solved in a number of ways. Perhaps the simplest is fixed-
point iteration, which in its most direct form reads

At
Um+l'r+l=g—7[f,,(l)m+l’r)+wvm+1’r]~ (55)

Unfortunately, convergence of this iterative method would require 4¢ to be of
O(4x?) just as in the case of explicit time-stepping, so we would not have gained
anything.

Alternatively, the linear part of system (5.2) can be inverted explicitly yielding

[1 5 W(K)] v =g 2 LW DLW K] (56)

and, since w(K) is purely imaginary, the iteration

RN +2K) | (0= 5 LG )+ AR R 1) (5)

potentially has a much smaller spectral radius.
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With the definition (3.9), Eq. (5.7) may be rewritten in the form

2
=2(K) F,(®[F, (03" "))+ Gk,

At At !
vp = K, [1 += w(K)] F(®LF, '(v}3* "))+ G

where

K, (412)
AR = T G2 wK)

and
|z(K)| < C(n, 4t).

317

(5.8)

(5.9)

(5.10)

That is, the modulus of z is bounded by a quantity that depends only on the
number of points in the mesh and the time step. The constant G4 in Eq. (5.8)
contains the terms from Eq. (5.7) that are invariant during the iterative evaluation

of Eq. (5.8). Thus,
1 A
Goi=| 1+ 5 0(K) | (v2=F LAt +w(R) o1,

With the dispersion relation (2.5) for the K-dV equation, we have

oK)= ik, 5 (1 -2 in)*l — (2P 4+ 7)),

where

and

Ar\'?
re (%)

From this definition, T is real and positive. Also,

14+3=1-iT>
Thus,
T 2 TZ
~1+r3 T+ irH(1—iT)
T? 1
_ <_22/3
1+7°73

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)
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for any value of T. Therefore,

21/3 At 2/3
2K < Cla) =2, (7) (5.17)
which implies that the rate of convergence of the iterative scheme (5.7) improves as
A4t goes to zero.
Similarly, for the —u,, case of the K-P equation, substituting Eq. (2.6) into
Eq. (5.9) yields

At A -1
z(K)= —iK, 5 [1 — i;’ (K3 +K§/K1)]

% K3
)

where 7 is defined as before by Egs. (5.13) and (5.14). Since

KZ
1+r3(1+—>
‘ K}

the bound (5.17) holds in this case as well. However, in the case of the +u,, term
in the K-P equation, the terms in the dispersion relation can cancel, yielding more
complicated behavior. One has

= |1+17, (5.19)

~1
z(K,, K,) = —iKI%E[l—i%(K?—Kg/KI)} (5.20)
and
_ (442) | K,
1z(Ky, K3)| = [1+ (A2/aK2)Ki— KDI7 (5.21)
Thus,

|z(Ky, Ky)l < (412) ny (5.22)

for all |K,| <n, and K, arbitrary.

The inequality (5.22) is sharp if n,>n? since equality is achieved when K, =n,
and K, =n?. However, when n, <n?, the estimate can be improved as stated in the
following theorem. Since the K-P equation arises as a model for the propagation
of waves primarily in the direction of the first independent variable with only a
secondary variation with respect to the other independent variable, it is in fact
natural to expect n, to be much less than ni in typical applications. Figure 5.1
shows the first quadrant of (K, K,) space for which the inequality (5.22) applies.
The theorem establishes additional estimates for |z| that apply to the (K, K,) space
for which the first quadrant is illustrated in Fig. 5.2.
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n2

2
ny

0
0 n,

FiG. 5.1. The estimate (5.22) (or 5.23a) is sharp in (K,, K;) space when n, = n?.

THEOREM 5.1. The maximum modulus of the amplification factor z(K,, K,),
defined by Eq.(5.20) for the K-P equation with the +u,, term, is bounded by the
estimates

1dtn,, in general (5.23a)
max |z(Ky, K3)| < {3 40°(1+27)", if ny<nland At<ny? (5.23b)
b LAtnY2(1 4224 if ny<niand At=n; (5.23¢)

where the maximum is taken over the spectral variables |K,| <n, and |K,| <n,.

Proof. Inequality (5.23a) has already been established. For inequalities (5.23b)
and (5.23c), we show first that the maximum occurs on the boundary of the region
defined by 0< K, <n, and 0< K, <n,<n? as shown in Fig. 5.2. The analysis can

n2

0 ny

F1G. 52. The estimates (5.23b) and (5.23¢) provide bounds for |z(K,. K,)| when n, <n?.
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With n,<n?, the minimum value H is achieved when K,=n,. Therefore, the
maximum value of |z| over the region defined in the expression (5.30) satisfies

M_<max{|z(K,, ny)|: K, <ny}. (5.32)

Along the boundary K, =n,, Eq. (5.27) implies that |z| is a maximum when

i +%§ (Kt —n2 =20 K, (=l (31(1 *%) (5.33)
or
K?—%K%—n‘;:& (5.34)
Let
e=K%—n3. (5.35)
Then, from Eq. (5.21),
|z(K1,n2)|2=ﬁ%;%<d—;i(n§+s)”2. (5.36)
From Eq. (5.34),
Ké=2At"2+ni/K? (5.37)
which implies
K223 41733, (5.38)
So, at the roots of Eq. (5.34),
2 23
5=K?‘"5=m2££lng) \AzzszS jt:”' (5.39)
Combining inequality (5.39) with inequality (5.36) yields
|2(K,, o)l < 3 At(nd + &)V <5 At(n3 + 227 40 *3)1A, (5.40)
On the one hand, if 4t <n; 37 then inequality (5.40) implies
méx |2(Ky, n5)| < 3 487731 + 27314, (5.41)

Inequalities (5.32) and (5.41) imply the estimate (5.23b) which has the same order
of convergence in 4¢ as stated in inequality (5.17) for the K-P (+u,,) equation and
the K-dV equation. On the other hand, if 47> n; ¥ inequality (5.40) implies

max |z(K,, m,)| < b At n}2(1 + 2%3)1/4 (542)
K
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which, along with inequality (5.32), yields the estimate (5.23c). This completes the
proof of Theorem 5.1.

The result provides genuine restrictions on At for the K-P (+u,,) equation.
However, in the worst case, the requirement is only that

Atmin{n,, ny*} (5.43)

be sufficiently small.

6. PREDICTOR-CORRECTOR SCHEMES

Based on the analysis in Section 5, the Crank—Nicolson discretization provides
efficient predictor—corrector schemes that retain second-order accuracy for both the
K-dV and the K-P equations. Perhaps the simplest approach uses the result from
the previous time step as the initial guess for the non-linear iteration. That is, set

vt o=y (6.1)

and re-evaluate
A —1
vZ“*“=<1+35NKO

4
<(op- S LLEE LD R 1) (62

for r=0,1, .., R—1. Then set

vpt =yt e (63)
and increment m.

With R =2, the final iterate v™* 2 for both the K-dV and the K-P (—u,,) equa-
tion will be an approximate solution to Eq. (5.6) that is accurate to order O(4¢™?).
Thus, second-order accuracy is retained for Eq.(5.6). This level of accuracy is
achieved because the initial guess (6.1) is accurate to order O(4¢) and each iteration
decreases the error by a factor of O(41*?). For the K-P (+u,,) equation, each
iteration decreases the error by a factor of O(4r*?) if At<n, >, or at worst by
O(4t min{n, ny*}) if 4t=n,*’. Thus,

At<cmax{n;* n, "'} (6.4)
implies that

(dtmin{n,, n}?})* <c At max{n, % ny; '} min{n?, n,}

=c At (6.5)
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and, therefore, Eq. (6.2) achieves second-order accuracy when R = 2. An interesting
illustration of the quadratic convergence is included with the numerical examples in
Section 9.

After several time levels have been computed, an extrapolation scheme can
produce a better initial guess v * . For example, a stable, higher order predictor
is a straightforward task when the time step is constant (which is not at all
necessary computationally). If the predicted (extrapolated) value v * " is already
good to O(4¢), then the computed approximation to the solution of Eq. (5.6),
v * ' will be accurate to O(4r*?) for the K-dV and K-P (—u,,) equations, and for
the K-P (+u,,) equation if At<n;¥% If At>n;¥? then the restriction (6.4)
ensures that the solution will retain second-order accuracy for the K-P (+u,,)
equation. Less work is required for the iteration method that begins with an
extrapolated estimate than for Eq. (6.1) but it also requires more storage. In any
case, Eq. (6.1) would still have to be used for the initial time step.

Finally, let us remark tht the scheme defined by Eq. (6.1) and

uz“=<1 +§w<K)) {v%—% L, (00 + £, (o) + w(K) v'zl} (6:6)

is only first-order accurate in time and therefore should not be used.

7. JACOBIAN OF THE NON-LINEAR SPECTRAL APPROXIMATION

Another approach to solving Eq. (5.3) is via iterative methods, such as Newton’s
method, that utilize differential information concerning the relevant non-linear
operator. Moreover, the detailed analysis of an iteration scheme such as (5.8)
requires calculating the Jacobian. For these reasons, we indicate here how such
Jacobians can be calculated easily.

To be precise, let us consider the function

G(v) =F,(PLF, (v)]) (7.1)

To calculate the Jacobian of G, we recall that

7, (0) X = lim ﬂ’iﬂ)—?—_G—(”—)

t—0

(7.2)

Expanding, we see that (assuming the function @ in Egs. (2.1) and (2.2) is C")
G(v+tX)=F, (P[F, (v+tX)])=F,(O[F, '(v) +1F, '(X)])
=F,(PLF, ' ()] + s [F, ()] F, ' (X) +o(1))
=G(v) +1F,(Jo[F, ()] F (X)) +o(1), (73)
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where J,(v) denotes the Jacobian of the mapping ®(v), := @(vk). That is, it is the
diagonal matrix [@'(vg) d,x], where 8, denotes the Kronecker delta. Therefore,

Jr(0)X =F,(®'[F, ' (v)10,kF, (X)), (7.4)

Although Eq. (7.4) does not give us an explicit formula for a matrix representa-
tion for J.(v), it does allow us to compute its action quite efficiently, namely, via
an inverse transform applied to X, multiplication by the function @'(F, !(v,)) in
the spatial variable, and transforming back to the spectral space. Also, since F,, is
an isometry on /, (up to a multiplicative factor that is cancelled by F, '), we find

17 r @)= P'TF, (k)T 6,40
=max{|®'[F, '(vx)]:Ke Z,} =1 |®'[F,; " (v)]ll...- (7.5)

We can apply this analysis to bound the error in the iterations defined by
Eq. (5.7) in which v plays the role of the Fourier transform of various approxima-
tions to the solution u. Then the maximum in Eq. (7.5) corresponds to the [/, norm
of @' applied to the discrete solution. Thus, we can assert the following result.

THEOREM 7.1. The fixed-point iteration scheme (5.7) converges in the |, norm
with an error asymptotic to

(Cln, A1) |@" (™ * D)) (7.6)

(or better) as r — oo, where C(n, At) is defined in the inequality (5.10) for both the
K-dV and the K-P (—u,,) equations and by the rihgt-hand side of Egs.(5.23a),
(5.23b), and (5.23¢) for the K-P (+u,,) equation.

We note that the expression (7.6) only provides a local estimate of the accuracy
of the approximate solution to the implicit time-stepping equation as opposed to a
global estimate for the overall scheme. The latter would require rigorous error
estimates of the global time-stepping error, something which is beyond the scope of
this paper. On the other hand, our numerical experiments in Section 9 indicate that
the estimate (7.6) can be useful in predicting the number of corrector steps that will
lead to a significant improvement in the global error.

8. NEwWTON’S METHOD

To solve Eq. (5.3) via Newton’s method requires inversion of a Jacobian map-
ping. With the definition (3.9), we see that the mapping to be inverted is of the form
I+ zG, where G, defined by Eq. (7.1), is the function studied in the previous section.

The Jacobian of this mapping is I+ diag(X) Jx{(v). In the cases studied above in
which the maximum of |X| is small, this mapping will certainly be invertible.
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However, it would be inefficient to invert it by direct methods because it is a full
matrix. On the other hand, it is easy, in view of Eq. (7.4), to compute the action
of I+ diag(X)Jr(v). Therefore, methods such as conjugate gradients can be
employed efficiently to invert the Jacobian.

In any case, it is not at all clear that Newton’s method would be cost effective
when compared with the predictor-corrector schemes indicated previously.
However, it is conceivable that it could be more efficient for large time steps and
at t=0, when no previous time history is known.

9. COMPUTER SIMULATION

We have written a computer code that applies the spectral method to
the K-P (+u,,) equation (2.2) as well as to the K-dV equation (2.1) and the
K-P (—u,,) equation (2.2). A fast Fourier transform package is implemented in
the program and the user can select either fully implicit or Crank-Nicolson time
differencing. The code employs a predictor—corrector iteration scheme for the
non-linear terms.

9.1. Solution of the K-dV Equation

We applied the code using the Crank-Nicolson option with one step of the
predictor—corrector to the K-dV equation (2.1) with ¢(u) = —3u? That is, we have
evaluated Eqgs. (6.1), (6.2), and (6.3) with R=1. We chose initial values that yield
a known analytic solution [6]: For two solitions not close to a collision, the initial
values are

amplitudes of the two waves.
The solution for the collision of the two solitons is

r3csch?y, +r? sech? y,

! :—2 T
u(x, t) (r3 71)(r2cothy2—r1 tanh y,)?

(9.2)

at time z. The results of our computer simulations are consistent with the extensive
work of others on the K-dV equation reported in the literature [4, 7]. Thus, the
K-dV equation has provided us with a test problem for the computer code.

9.2. Solution of the K-P Equation

We also applied the code with the Crank—Nicolson option to the K-P equation
with initial conditions made up from an analytic solution provided by Segur and
Finkel [8]. Their solution is for

(4 3(%) c + )+ 3u,, =0, (93)

a scaled version of the K-P equation (2.2).
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Dubrovin [9] shows that Eq. (9.3) admits an infinite family of solutions of the
form

2

0
u(x, y, 1) =2 =5 0(¢.. ¢,: B), (94)

where 6(¢,, ¢,; B) is a Riemann theta function of genus 2, provided that u(x, y, ¢)
satisfies a certain relationship to be explained in the following paragraphs. As
discussed below, Segur and Finkel took Dubrovin’s solution and developed an
algorithm for computing solutions to Eq. (9.4) [8, 10].

A Riemann theta function of genus 2 may be defined by the double Fourier series

oC

0(¢1’ ¢2; B)= Z z eXp(%mTBm‘l‘ imT¢)a (95)
mp=—ow my=—ao0
where m™ = (m,, m,) and B is a 2 x 2 symmetric, negative-definite Riemann matrix

b bA ;
B= [bx bA%+ d] (©.6)

with parameters A#0, b, and d [8]. The phase variable ¢ is defined by
$i=ux+v,y+wit+e,, 9.7)

for j=1,2 The parameters ¢, , and ¢,, in Eq.(9.7) are the arbitrarily chosen
initial phase shifts for the two waves. Define the theta constant 0 p] as

o o

o[pl= Y Y. exp[(m+ p)'B(m+ p)], (9.8)

my=—ow mp=—wx

-OOQ) e

Thus, 0 is a four component vector indexed by the parameter p.
The relationship that Eq. (9.4) must satisfy may now be stated as

where

Mx =4Sv, (9.10)
where

o, +3v;
po(wr—Aw )+ (py — Ao, +6v,(vo— Avy)
(2= A W@y — Ao ) + 3(v, — Av,)?

D

, (9.11)

X =
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I
4#?(#2_/1#1)
v= 6#%(#2_1/‘1)2 ) (9.12)
4y (py — Apy )’
(u ’_’{ﬂl)d
M= [ 0001, 55 2 00 P, 20051, O[p]] (9.13)

and

o[ & i e 1 L .
[abz Lr ]’0b<2b8/1 [”]) baalrl 5 <2b8 [”]> od> [p]] (9:14)

Thus, M is a 4 by 4 matrix and S is 4 by 5. D is a constant of integration.
M is invertible [8] if and only if 15 0. Thus, the system of equations (9.10) can
be solved for

x=4M""Sp. (9.15)
By neglecting the last row on the right hand side, the first three equations in the
system (9.15) may be written as
#4303
(02— A1) + (3 — Ay )@y +6v (v, — Avy) |=4M~'Sp (9.16)
(12— At )3 — Awy) + 3(v, = Avy)?

which contains eight free parameters: b, d, A, i, u,, either v, or v,, and the phase
translations ¢, , and ¢, . The last two, which contribute to Eq. (9.15) through the
definition (9.7), have no dynamic significance.

When values are chosen for b, d, A, u;, and u,, it remains to solve the system
(9.16) for v, or v,, w,, and w,. To obtain a unique solution to the system (9.15),
we may choose v, =0 or v, = —v,.

When v, =0, the system of Eqs. (9.16) becomes

po;+3vi
pa(wy— Aw )+ @, (U — Apy ) — 6vE | =4M ~'Sv. (9.17)
(2 — Ay (@3 — Ao ) + 3(Av, )

Solving Eqgs. (9.17) with the initial conditions

My = py =025
v, =0
b=—-10 (9.18)
A=0.15

bA’+d=—-10

581/97/2-6



328 WINEBERG ET AL.

yields
v;= 05053 84141 0625
w;=—38416 21402 0425 (9.19)
w,=—0.7766 63841 5928.

To obtain a symmetric wave pattern, we require v, = —v,. In this case, the system

of Egs. (9.16) becomes

oy +3vi
ﬂl(wz“iwl)'*'(ﬂz—llu.l)wl_6vf(l—/1) =4MilSU. (9.20)
(2= A @2 — Aoy) +3(1 + )i

Then the imitial conditions

Uy =, =025
V=V,
b=-10 (9.21)
A=015

bA’+d=—1.0

determine the values

vi= 02526 92070 53125

(9.22)
w, =w,=—1.5429 03231 7052

from the system (9.20).

The two sets of values for the problem parameters provide us with two analytic
solutions, defined by Eq. (9.4), with which to test the computer code. While the
evaluation of the parameters in Egs. (9.19) and (9.22) was done in double precision
on a VAX 8700, the KPEQ code that implements the spectral method for the
solution to the non-linear wave equations is written in single precision.

Figure 9.2.1 shows the surface plot and a contour plot for initial conditions
defined by Eq. (9.4) with the parametric values given by Egs. (9.18) and (9.19). The
computed solution from Egs. (6.1), (6.2), and (6.3) on a 128 by 128 grid with R=2
at time ¢=1.0 is shown in Fig. 9.2.2. The grid covers one period of the solution in
the x direction and two periods in the y direction. The time step was 4¢=0.005 or
200 time steps. Figure 9.2.3 shows the corresponding analytic solution.

Similarly, the three figures 9.2.4, 9.2.5, and 9.2.6 show the initial conditions for
Eq. (9.4) with Eqgs. (9.21) and (9.22), the computed solution at time ¢ = 1.0, and the
corresponding analytic solution, respectively.
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— T

—

Fig. 9.2.1. When v,=0, the surface plot and a corresponding contour plot are shown for the
function defined by Eq. (9.4) with parametric values given by Eqgs. (9.18) and (9.19).

vy

~ iy

A L

FiG. 9.2.2. The computed solution for the propagation of the solitons in Fig. 9.2.1 is shown at time
1=10.

Py W T

~ LT Tl AL LA ALLLAALLY

AL A ) G

FiG. 9.2.3. The analytic solution corresponding to the computed solution shown in Fig 9.2.2
illustrates the accuracy of the computational method.
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it D

T

Fi6. 924, When v, = —v,, the surface plot and a corresponding contour plot are shown for the
function defined by Eq. (9.4) with parametric values given by Eqs. (9.21) and (9.22).

—

>
©

)

AL L

Fi1G. 9.2.5. The computed solution for the propagation of the solitons in Fig. 9.2.4 is shown at time

t=10.
(-

G

~

=

“‘r;’:\_ Il

LA

F1G. 9.2.6. The analytic solution corresponding to the computed solution shown in Fig 9.2.5
illustrates the accuracy of the computational method.
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The results of the computations were compared with the analytic solutions to
Eq. (9.4) using the standard /, norms over the spatial mesh corresponding to Z,
defined by Eq. (3.2). The relative errors,

ERROR = luexact — UcompuTED ”p, (9.23)

””EXACT”p

were computed for p=1, 2, co. Figures 9.2.2 and 9.2.5 were compared with the
analytic or exact solutions shown in Figs. 9.2.3 and 9.2.6, respectively. Figure 9.2.7

Relative Error in the 1p Norm ( x 10~2 )
at time t = 1.0

line grid At R Vo 14 1, I
1. 64x64 .005 0 0 105.6 171.7 217.7
2. L " 1 2.00 2.60 2.92
3. nom " 2 .894 .979 1.01
4 L " 3 .756 L7172 .732
5. L .004 2 0 .582 .616 .603
6. no .005 .894 .979 1.01
7. no. .006 1.30 1.45 1.53
8. LA .007 1.79 2.00 1.95
9. L .008 2.31 2.58 2.67
10. non .01 3.11 3.72 3.90
11. nn .004 3 0 .505 .495 .426
12. non .005 .756 L7172 .732
13. non .008 1.90 2.07 1.78
14, L .01 2.56 3.05 2.74
15, no. .005 2 -v1i .781 .753 .607
16. 128x128 .0025 2 0 .138 .191 .188
17. non .005 .633 .886 .928
18. non .01 2.62 3.57 3.88
19. L .02 8.29 10.2 10.6
20. non .005 3 .462 .628 .552
21, no. " -vi .238 .339 .411
22. L " .0989 .142 .164
23. 128x64 " 0 .656 .897 .930

The maximum amplitude in absolute units ( x 100 )
of the analytic solution at time t = 1.0 is  3.3410 for line 17

and 3.2980 for line 21.
Fig. 9.2.7. The relative errors defined by Eq. (9.23) indicate the accuracy of the computed solutions
compared to the analytic or exact solutions as a function of the time step At and the number of
predictor—corrector steps R which was described in Section 6. The line of data numbered 17 corresponds
to the accuracy of the computed solution shown in Fig. 9.2.2 compared to the analytic solution in
Fig. 9.2.3. Similarly, the line of data 21 corresponds to Figs. 9.2.5 and 9.2.6.
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shows that the computed solution is in good agreement with the analytic solution
to Eq. (9.4).

The cpu time used by the VAX 8700 to generate the results on the 64 by 64 grid
in Fig. 9.2.7 ranged from 2 min 55 s and 4 min 8 s for the first two items on the list
to 10 min 59 s for 4r=0.004 and R=3. The cpu time for generating the solution
on the 128 by 128 grid was 26 min 10 s for item number 17 and 25 min 24 s for item
number 21.

The solutions shown in Figs. 9.2.1 through 9.2.3 and in Figs. 9.2.4 through 9.2.6
correspond to items 17 and 21, respectively, in Fig.9.2.7. The VAX FORTRAN
routines LIBSINIT_TIMER and LIBSSTAT_TIMER were called before and after,
respectively, the integration loop in the KPEQ code. That is, the cpu times reported
here include the single precision evaluation of the solution by the spectral method
but exclude the cpu time for the double precision evaluation of the parameters and
the single precision evaluation of the analytic solutions and calculation of the /,
norms for the comparisons.

The quadratic convergence of the computational method was established in
Section 6. As an illustration of this convergence property, Fig. 9.2.8 shows a plot
of the relative /, errors versus the square of the time step At for the solution with
v, =0 shown in Figs. 9.2.2 and 9.2.3. This numerical error analysis shows that the
computed solutions approach second-order accuracy in 4t as predicted.

9.3. The Conservation Laws for the K-P Equation

Solutions to the K-P equation (2.2) can be formulated in terms of the inverse
scattering transform [S5]. Problems that are exactly solvable bydrthe inverse

0.04
s o
o
(@]
2 [ ]
= 0.0SL
o o
[
z
c 002} a *
o]
n% o
64 by 64 grid
w
> 001 r E.' vp = 0
: o OoR = 2
o n *R =3
o 0 I 1 ) L |
0 2 4 6 8 10

At2 (x 10%)

FiG. 9.2.8. The relative error in the /, norm varies linearly with 4% This illustration of quadratic
convergence is a plot of the data from the table in Fig. 9.2.7 for R=2 and R=3 with v,=0 on a 64
by 64 grid. The corresponding solution on a 128 by 128 grid is shown in Figs. 9.2.2 and 9.2.3.
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scattering transform posses an infinite number of conserved quantities [16].
The first three conserved quantities for the scaled K-P equation (9.3) are

C1=Jw r udx dy, (9.24)
czsz f 12 dx dy, (9.25)
and
s ) 1 3
c3=j f = =S dxdy, (9.26)
where
w.=u,. (9.27)

Equations (9.24) and (9.25) are referred to as the conservation of momentum and
energy, respectively [17].

We verified the three conservation laws given above for both the non-symmetric
case defined by v, =0 and the symmetric case with v,= —v,. The conservation of
momentum is guaranteed by the dispersion relation in which

UG =V 0 (9.28)
since the first component of the discrete Fourier transform is a constant times the
double sum of the solution over the grid in physical space. The relative errors
between the conserved quantities (9.25) and (9.26) for the computed solutions and
for the analytic solutions are shown in Fig. 9.3. Note that the results are com-
parable to the errors in the solution itself as listed in Fig. 9.3. The method used to
evaluate the expressions (9.25) and (9.26) was simply a double sum of the values
of the integrands over the grid. The procedure was easy to implement for the
conservation of energy. However, to evaluate u, in the expression (9.26) and u,
for Eq. (9.27), we transformed the solution in and out of Fourier space where the
differentiation with respect to y was performed.

10. SUMMARY AND APPLICATIONS

We have applied spectral methods to the analysis of nonlinear wave equations
including the K-dV and the K-P equations. Excellent numerical results were
achieved. The primary advantages of the spectral method include ease of coding
and the characteristic exponential accuracy of the method. Even so, a large number
of grid points was required to adequately represent the solutions. The periodicity
imposed on the solutions by the use of the Fourier transform is a disadvantage of
the method.
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An interesting feature of the soliton interactions was reproduced in the numerical
solution: The Fourier components v(0, K,) of the initial values were at least five
orders of magnitude smaller than the dominant components. That is, the initial
conditions u(x, y, 0) approximately satisfy the compatibility condition

v(0, K,) =0.

We have analyzed iterative techniques, primarily a predictor—corrector
implementation, for solving implicit time-stepping equations. The approach was

Relative Errors in the Conservation Quantities ( x 1073 )

vp=0 R=2 At = .005

64 x 64 128 x 128
L L2 Cs_ Ca_ C3_
1 .265 1.85 2311 3.47
2 .556 5.48 .621 5.68
3 .852 5.22 .930 7.38
4 1.12 7.65 1.24 8.68
5 1.41 7.84 1.55 9.95
.6 1.70 5.49 1.85 10.9
.7 1.99 9.84 2.16 11.8
.8 2.33 7.82 2.47 12.3
.9 2.66 11.4 2.78 13.2
1.0 2.97 12.5 3.08 13.8
vy = "vy R=2 At = ,005
64 x 64 128 x 128
L C2_ L3_ Ca_ _Ca_
.1 .152 5.96 .200 4.83
.2 .368 3.69 .401 7.47
.3 .541 11.3 .601 9.44
.4 .726 3.24 .801 10.7
.5 .923 8.63 1.00 12.1
6 1.08 11.3 1.20 12.9
7 1.29 3.23 1.40 13.6
8 1.43 17.8 1.60 13.6
.9 1.64 .153 1.80 14.3
1.0 1.82 10.1 2.00 15.3

FiG. 9.3. The relative errors between the conservation quantities (9.25) and (9.26) for the computed
solution and the analytic solution illustrate the accuracy of the method. The data in this table
correspond to lines 3, 17, 15, and 21 in Fig. 9.2.7.
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shown to be very efficient under mild restrictions on the spectral and temporal
mesh sizes for the K-P (+u,,) equation. An interesting discovery (Theorem 5.1) is
the asymmetry of the mesh-size constraint with respect to the two spectral variables
for the K-P (+u,,) equation. The result should not be surprising since the K-P
equation was derived as a model for waves propagating primarily in one direction
with only weak variation in the orthogonal direction [11]. An important application
of the K-P equation is modeling weakly two-dimensional, non-lincar waves in a
plasma such as the ionized gas in a laser-material interaction [12].

The techniques have been applied to initial conditions which are not analytic
solutions to the equations. In particular, we have simulated the collision of solitions
which initially were not interacting. A phase shift of the colliding solitons and an
amplitue enhancement were observed in the interaction region [ 137]. The model has
also been used to simulate the propagation of a solition with a spatially modulated
wave front [14].

We are currently investigating a modified K-P equation with the quadratic non-
linearity (1), replaced by a cubic non-linearity (u*),.. This equation describes the
evolution of a non-linear ion-acoustic wave in a plasma of positive and negative
ions [[15]. Preliminary computer results for the K-P equation with the cubic non-
linearity indicate unstable amplitude growth in the interaction region. Whether this
instability is numerical, or inherent in the equation, or a result of unrealistic initial
conditions we do not yet know.
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